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Section 2. 20 


1 Chapter 0 


Skipped for triviality: 1-3, 9-12, 14-15, 17, 19-22, 24-29. 

4. f; is homotopy inverse for inclusion i: A X. 

5. Suppose f; : X — X is deformation retraction. idx ie Cag: 

For each neighborhood U 35 z, there exists to € (0,1) s.t. f;(X) C U for all t € [to, 1]. Let V = fi, (X). 

he = Lee (icayig © i is homotopy from inclusion i: V <> U to constant map V > {zo}. 

6. (a) First deformation retracts to the bottom line [0,1] x {0}, then deformation retracts to a point. 

X doesn’t deformation retract to any other point because of Exercise 0.5. 

(b)(c) Y deformation retracts in the weak sense to the middle zigzag, so it’s a homotopy equivalence. 

The middle zigzag is homeomorphic to R!, which is contractible, so Y is contractible. 

There’s no true deformation retraction from Y to the zigzag, otherwise Y will deformation retract to a point. 

7. X is union of infinite cones on the Cantor set arranged end-to-end and getting smaller and smaller. 

The “baseline” of X is [0,1). One-point compactification of X x R is obtained by adding the endpoint 1 of [0,1). 
After one-point compactification, {0} x R and additional point {1} x {0} become the boundary of D?. 

Y is obtained from one-point compactification of X x R by wrapping one more cone on the Cantor set around the 
boundary of D?. Y doesn’t deformation retract to a point because of Exercise 0.5. 


X can deformation retract to baseline [0,1) in the weak sense in the following way: 


1 1 1 1 
5a? anita moves to [1 — ome 


The point on cones moves to [0,1) in the similar way, so X deformation retract to [0,1) in the weak sense, and 


il 


For n € N, point on [1 -_ 5nai! alone [0,1), and point on [0, 1/2] moves to {O}. 
one-point compactification of X x R deformation retract to D? in the weak sense. 
Y deformation retract to D? with a cone on the Cantor set around the boundary of D? in the weak sense. 


This space can deformation retract to D? in the weak sense by moving points on cone and rotating D? clockwise. 


Thus D? > Y is homotopy equivalence, D? is contractible, so Y is contractible. 
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8. The picture above is the house with three rooms. It’s similar for the general case. 
ie 0<s<1/2 


13. The desired r? is given by r? = 
ae ms orl 1/2<s<1 


T4.2(1—s) 
16. S® := {(%1,22,...,2n,-.-) | there exists N s.t. x, = 0 for k > N,/)>;-, |z:|? = 1}. 
Let T : S° > S™, (21, 22,...) (0,21, 29,-..), fe = (1—B)idgo +47 £0 and f, = fe/| fil. 


Let K be constant map S* > (1,0,...), g =(1-t)T+tk £0 and G% = gt/|g1|. idge Bk K. 


18. Let m:S™ x S" x {0} 3 S™, m:S5™x S”x {1} > 8". 

Si «8? = (8 XS™ x [0,1/2)) Jt Usmasayjoy.(S™ * 8” X (1/2; 1])/ma. 5S XS" x {1/2} 20D" x OD™". 
SxS" 6 10, 1/2) oS Se xX CS? LS ODT sD’, 8™ xs" * [1/21 fae eS" KX CS” De cop, 
AD™+ x D™+1 Ugpmtiyapnts D+! x AD" ~ A(D™! x DM41) ~ ADMIN w gmtnd1, 

23. Suppose X,Y and A= XY are contractible. (X, A), (Y, A), (X UY, A) have HEP. 


XUY 2S (XUY)/AY(X/A)V (V/A) SE XVY & {e1} V {42} © {¥}. 


2 Section 1.1 


Skipped for triviality: 1, 4, 6-8, 10-15, 17-20. 

2. Show that hi ~ he iff change-of-basepoint homomorphism 6;, = Bn,. 

3. (=) If 7(X) is abelian, hy, hz are two paths from zo to 71, [f] € 7(X,21), then [f][h2- hy] = [ho - hil lf]. 
(<) For [f], [9] € 71(X, 20), let g = 91 - Go. Bg, = Fy,, [9][f] = Lf ][g]. X is path-connected, so 7(X) is abelian. 
5. f : X > Y is nullhomotopic = f can extend to CX. Let 7: X x I> CX. 

(>) F: Xx IY, Flyxqo} =f, F(X x {(1}) = {yo}. F induces F: CX =X x 1/X x 1} 9 Y. Flexo =f 
(<=) If F: CX + Y is extension of f: X > Y, then For: X x IY is the required homotopy. 

(a) = (b) since CS! ~ D?. (a) = every loop in X is homotopic to constant loop = (c). 

9. For all s € S? CR, there exists unique plane P? C R® which divide A, into 2 pieces of equal measure. 

Let O8 be normal vector of Ps, then B* := {v € R® | for all p € P#, po- Os> 0} is half of R°. 

Map S$? > R?, s+ (m(B* Az), (m(B* A3)) is continuous. From Borsuk-Ulam theorem, there exists so € S? s.t. 
m(.B* M Ag) = m(B-*° 9 Ag), m(B* 1 As) = m(B-*° 1 A3)). Hence P;° is the required plane. 

16. If r: X — Ais retraction, then 7, : 71(A) > 71(X) induced by A > X is injection. 


(c) ig =O. (£) i¢(1) =2. 


3 Section 1.2 


Skipped for triviality: 1, 7, 16-17, 19. 

Skipped for difficulty: 22. 

2. Note that convex set is simply-connected, and intersection of two convex sets is still a convex set. 

3. For n > 3, ™(R” — Us, {2:}) = 7(D" — Ut {xi} = m(Vi_, S”~1) = 0. Generalization: Exercise 1.2.6. 

4, R?— X =R3- {0} -X ~S?-X =S8?-U™ {a} ~ R2- U2") {ei} & V2) 81, so m(R? — X) & 22712. 

5. From Proposition 1A.1, every connected graph contains a maximal tree, namely a contractible graph which contains 
all the vertices of the connected graph. Suppose X contains a maximal tree M. 

If X = M, then X doesn’t contain any loops and 7(X,20) = 7(M, 20) = 0 for any rp € X. 

Now suppose M # X, there’re finitely many edges e1,...,€n of X not in M. 

Fix a basepoint x9 in M. Note that each edge e; corresponds to a loop based at vp in M Ue;. 

X =U;_,(M Ue;). Any three intersection (MU e;) N (M Ue;) NM (M Veg) is path-connected. 

For 1 # j, (MUe;)N (M Ue;) = M is contractible, so from van-Kampen’s theorem, 7(X) = */,71(M Ue, x0). 
For each i, 71(X Ue;, 20) is generated by a loop based at xo and goes around the bounded complementary region form 
by X Ue;, such loop doesn’t go through any other e; (j #2). 

6. If A is discrete subspace of X, then for each x € A, there exists an open ball B, CR” s.t. B, NA = {a}. 


R” — A deformation retracts to X == R” —U.., Bry. X is path-connected. 


LEA 
Let Y be space obtained by attaching n-cells to X via ya : 0D" — OB, for each x € A, then Y = R”. 
Attaching n-cells (n > 3) doesn’t change fundamental group, so 7(X) = 7(Y) = 0. 


8. Two tori Th, To. m(T1) =ZxZ= (a) x (b), ™1(T2) =ZxZ= (c) x (d). 


m1(X) & m1 (T1) * m1 (T2)/N, N = (ac~+). ™(X) = (a,b, c,d | [a,b] = [c,d] = ac71 = 1) = (Z*Z) x Z. 


9. (1) m(M;) = (a1, b1,.--,@n,6n,¢| [a1, b1] ++ (an, bnlew? = 1) = (a1, b1,.--, an, bn). 71 (C) = (c) SZ. 

If Mj, retracts to C, then i, : 7(C) > 11(M;,) is injective. 1.(c) = ¢ = [a1, b1]- ++ [an, bn] in 71 (Mj). 
Abelianization preserves injectivity, so (i+)ap : ™1(C) > 71(Mj ap is injective. But (i.)ao(c) = 0. Contradiction. 
In particular, there is no retraction M, — C, since such restriction would give a retraction Mj, > C. 

(2) CW complex structure on M, consists of one 0-cell, 2g 1-cells a1,b1,...,@g,bg and one 2-cell. 

The 1-skeleton is \V/7_, (53, V S,), the attachment map of the 2-cell is [a1, bi] -- + [ag, by]. 

Collapsing \/_(S3, V 5j,) induces quotient map q: M, + M,; = S' x S'. 

r:M,=S'x $1! S' x {so} = OC’, 80 € S", (x,y) + (2, 89) is retraction, so ro gq: M, > C’ is a retraction. 
10. D? x I—{a, 8} ~ D? x I—{two parallel lines} ~ D?—{29, yo}. 7 is the boundary circle, so it’s not null-homotopic. 
11. Suppose X is path-connected, f : X — X fixes basepoint xp € X. 

Bundle X — T; > T;/X = S' induces split short exact sequence 


i m2(S1, 1) —> 1 (X, x0) —> m1(Ty, £0) —> m™(S1, 1) —> To(X, xo) ae 


To show how 71(S",1) acts on 7(X, 20), consider [a] € 7(X, 20), B(t) = [xo, t] € Ty. [8] € m1 ($7, 1). 
Define homotopy H(t): I — X x< [0,1]: 


(xo, 3ts), t € [0, 1/3] 
H(t) = 4 (f oa(3t—1),s), #€ [1/3, 2/3] 

(vo,3(1—t)s), t € [2/3,1] 
Let +: X x [0,1] > Ty, (2,0) ~ (f(z), 1), Hs = 20H, : I 3 Ty, H(t) = [H, (8). 
Ho = f(a), Hy = BoB, so [A)[o][8]-* = f.([a]). m1 (Lp) ¥ m(X) »y, Z. 


12. From Exercise 0.20, X ~ S'V S! v S?, so m(X) = ZZ. 


m™(Y) = (a,b, c,d | cbe~1d = 1, aba~1b-!d-! = 1) = (a,b,c | aba~'b~cbce~ = 1), denoted by G. 

Replace c by ad, then a,b,d are generators of G and aba~'b~!cbc~! = 1 becomes a~'bab~!db-!d-! = 1. 

Replace d by c’ and a~! by a’, then a’, b,c’ are generators of G, a~!bab~!db-'!d-! = 1 becomes a’/ba’—!b-!c'b-'e'—! = 1. 
Therefore (a,b,c | aba~tb~!cbe~! = 1) & (a,b,c | aba~tb-cb-4e7! = 1). 

R? — Z deformation retracts to Y, so 7m (Y) & ™(R? — Z). 


13. Orientation of circle is represented by + (clockwise) and — (counter clockwise). 


z & z z 
3 3 3 3 
CP Oh 1Q OL VOL OG LF 


Case 1 Case 2 Case 3 Case 4 
In case 1, orientation of circle 1,2,3 is (—,—,+), fundamental group is Gy := (a,b,c | aba~'bebc™'). 
In case 2, orientation of circle 1, 2,3 is (+,—,+), fundamental group is G2 = (a,b,c | aba~tbcb~'c~*). 
In case 3, orientation of circle 1, 2,3 is (—,—,—), fundamental group is G3 = (a,b,c | aba~tb~!cbe*). 
In case 4, orientation of circle 1,2,3 is (+,—,—), fundamental group is G4 := (a,b,c | aba~tb~tcb-1c~4). 
From Exercise 1.2.12, G3 = G4, case 3 and case 4 are equivalent. 


In G2 := (a,b,c | aba~tbcb~tc~"), replace a by c’ and ¢ by a’, then a’, b,c’ are generators of Gz and 
aba~‘bcb~+c~* = 1 becomes a’ba’~'b~'c'b- 1c! = 1. Gg & (a’, b,c | a’ba’— 1b“ c'b-“ 11 = 1) = Gy. 


G has abelianization Z3 6 Z 6 Z while G2, G3, G4 have abelianization Z @ Z, so cases 2, 3, 4 are equivalent. 


14. Suppose the quotient space is X. It has two 0-cells, four 1-cells, three 2-cells and one 3-cell. 
X! ~ \/2_, S1, m(X?) is generated by a = ad, 8 = b-'d,y = cd. 
Attaching 2-cells gives the following relations 

abcd = aB- ty = 1,ac7'd~!b = ay! 87! = 1,adb“!e 1 = aby! = 1. 
Attaching 3-cells doesn’t change fundamental group, so 

m™71(X) = (a, 8,7 | aby = ay *B* = aby" = 1). 


m™(X) = (a, 8 | aBa = B,a = Ba) = (a,8 | a* = 1,6? = a?, Ba! = a8) = Qs. 


15. Triangles in L(X) is just triangulation of 2-cells in X, and this doesn’t change homotopy type. 


11 1 2 1 2 
18. (a) X = {o. ile ae \ SX in fig(1) is homeomorphic to wedge sum of circles of radius = i( = ) ( ) 


1 i 
for n = 1,2,--- and circle of radius — 4/1? + (5) in fig(3). 
TT 
Note that fig(3) is also reduced suspension obtained from SX by collapsing segment {1} x J, which indicates reduced 


suspension depends on the choice of basepoint. 


A, 


I 
I 


Xo 


(1) (2) (3) 
(b) Region containing “:--” means there’re countably many circles in it. 
From outside to inside, circles in SX and /X are denoted by A, and B,, with basepoint xp and yo. 
Retraction r; : SX — A; mapping A,’s to the left yellow segment for 7 #7 induces homomorphism ¢ : 7(SX, 20) > 
TIS; (Ai, 20) = Toe Z (a) = ((r1)o(@), (r2)-(a),-..). ime = @,, Z. 
Retraction s; : UX — B; mapping B,’s to yo for 7 4 i induces homomorphism w : 7 (XX, yo) + [] 21 m1 (Bi, yo) = 
I]. Z, ¥(b) = ((s1).(), (s2)4(b),...). p is surjective. 
For quotient map q: SX > UX, Woq = ¢. Mapping cone C = C(SX)USX/ ~, (x,1) ~ q(x) for x € SX. 
Write C = U; U U2, where U, is space after removing the tip of mapping cone in C, and U2 is C(SX). 
U, = SX x (0, 1] UE X/ %, (2,1) ~ q(x) for x € SX. U, deformation retracts to YX. U2 is contractible. 
U, and U2 are open in C. Uj; NUg ~ SX x (0,1] ~ SX so U; U2 is path-connected. 
From van Kampen’s theorem, 7(C) © 71(U1) * 11(U2)/N, N is normal subgroup generated by words of form 
(41)«(w)(i2)x(w 1) where i, : Uy N U2 @ Uy, k = 1,2 is inclusion and w € m(U, N U2). 7(U2) = 0, (i2)% = 0. 
U,NU2 ~ SX, Uy ~ UX,so (41). 71 (U1 OM U2) 4 (U1) corresponds to gq. : 7m (SX) > (2X). 
Hence m(C) = 11(2X)/N’ where N’ is normal subgroup generated by im q.. 
For surjective homomorphism w’ : 7(X) Bis 1.2 I, Z/ ®,, Z, Y 9a = 0, img, C ker yp’. 


ker 7’ is normal, so N’ C ker y’ and y’ induces surjective homomorphism 7 (C) = 7(X)/N’ > JJ. Z/ @,, Z. 


20. X =U, Cn. Denote n-th circle in VV, S' by D, and common point by zo. 

On each C;, and D,,, we can define a coordinate @ representing a from 0 to 27. 

Define f: VS 1_. X, f maps point in D,, of coordinate @ to point in C,, of coordinate 6. 

Define g: X — VV, S 1 g maps point in C,, of coordinate @ to point in D, of coordinate 0. 

fog=idx, go f =idy_ s1,80 X =U7, Cr =V,. 8". X is closed subset in R’, so it’s first countable. 

V/,. S* is not first countable,so it can’t be embedded in any first countable space, especially R?. 

Let {B;}%2, be countable neighborhoods of wo in VV, S*. Let V; C D; be neighborhood of zo s.t. V; ¢ By N Dj. 
V2, Vi is a neighborhood of zo and doesn’t contain any B;, so \/,, $1 is not first countable. 

21. Let Y be path-connected. X * Y := (X x Y x [0,1])/ ~, where (a, y1,0) ~ (a, yo, 0) and (#1, y,1) ~ (x2, y, 1). 
Consider U = (X x Y x [0,1))/~ ~ Xx CY andV =(X x Y x (0,1))/~ ~CXxY. 

m(U NV) = m(X x Y x (0,1)) = m1 (X) Om (Y). m(U) = m1 (X). m(V) = m1 (Y). 

Inclusion 7): UNV > U, i2: UNV GU induces (i1)« : m1(X) ® m(Y) 9 m1(X), (i2)e 2 m1 (X) Bm(Y) 7 m1 (Y). 
From van Kampen’s theorem, 71(X * Y) & 71(X) *71(Y)/N, N is generated by (71).(a, b)(i2)«(a,6)~+ = ab7! for all 
(a,b) € m(X) @ m(Y), so N = 71 (X) * m1 (Y), m(X * Y) =0, X *Y is simply-connected. 

Alternative proof: Let (21, y1, 21), (2, y2, 22) be two points in X * Y, and a: [0,1] > X bea path from 2; to 22. 


(1,y1,(1—3t)a) O<t<1/3 
B(t) = 4 (21, ya, (83t-1)z2) 1/3 
(a(3t — 2), y2,22) 2/3 
WLOG, let y : [0,1] > X * Y be a loop with endpoint y(0) = 7(1) = (a, y,0). Write >(t) = (x(t), y(t), z(0)). 


< 2/3 isa path from (71,41, 21) to (@2, yo, 22). X * Y is path-connected. 


t< 
t<1 


IN. IN 


( 
(x, y, 2t), 0<t<s/2 
t—s/2 a (x, y, 2t), 0<t<l1/ 
Gy(t) = 4 (x 1y,8), 8/2<t<1—s8/2 isa homotopy between y;(t) and y2(t) = 
(0) = 4 (e(S),4,8), 5/ i py between 71(t) and 92(t) oe ee: 
(x,y, 2 — 2t), 1-—s/2<t<l 


72 is null-homotopic, so y ~ 71 & 2 is null-homotopic, hence X * Y is simply-connected. 


4 Section 1.3 


Skipped for triviality: 1-3, 5, 16, 22, 28. 
Skipped for difficulty: 33. 


4. 


6. Let p: Y > co X, Xo be the common point of shrinking wedge of circles X. 
For any neighborhood U of xo in X, there exist a connected component U of p ‘(U) which contains two points in 


p(x), so pl : U + U can’t be homeomorphism. 


covering space X of shrinking wedge of circles two-sheeted covering space Y + xX 
7. Y = {(a,sin(1/x) | 0 <a < 1}U[-1,1] x {0} UC is quasi-circle circle, C is arc connecting (0,0) and (1, sin 1). 
Let L be the segment [—1,1] x {0} on the y-axis. St = {z €C | |z| = 1}. Covering map p: R > S$", p(t) = e?""*. 
(1) WLOG suppose f(L) = {1}. Let f : Y > R be the lift of f: Y > S?. 


f(Y —L) is connected and f(Y — L) C p“1(f(Y — L)) =R—2nZ. WLOG suppose f(Y — L) C (0,27). 


By surjectivity of f, f(Y — L) = (0,2). Y is compact, [0,27] = f(Y — L) C f(Y) = f(Y), so {0,27} C f(L). 

f(L) Cp (f(L)) = p7! (1) = 2nZ, so f(L) is not connected. Contradiction. 

This also shows quasi-circle Y is not contractible because f is not nullhomotopic. 

Otherwise from homotopy lifting property f will have a lift, since any constant map Y > S' has a lift Y > R. 

(2) Note that there exists an open set V C Y containing LZ with two path-components, V; D> L and V9. 

Let g: 1 > Y bea path. If g(x) € L, then there’s a path-connected open neighborhood Jp 3 x s.t. glo) C V1. 

Thus g~!(L) C U for some open set U s.t. g(U) C Vi. g(I — U) is compact set in Y — L, so it must be contained in 
CU {(a#,sin(1/a) |e < a < 1} for some € > 0, and g(L) is contained in LUC U {(a,sin(1/x) |e < « < 1}, which is 
contractible. Hence g: I + Y is nullhomotopic and 7(Y) = 0. 

8. For covering space p : X + X and qd: Y + Y of locally path-connected space X and Y, X and Y are locally 
path-connected. Let X A Y be a homotopy equivalence. 

From lifting criterion, Fob :X > Y has a lift F: X 3 Y w.rt. q: ¥4 Y,ie. goF=fop. 

goq:Y¥ 3X hasa lift G@:Y 3 X wrt. pr SX, ie. poG=goqg. poGoF xp, qoFoG~g. 


p:X + X hasa lift idg and ¢: Y + Y has a lift idy, so Go F x idg and FoG ~ idy. 


9. fe: (X) 9 m(S') & Z induced by f : X > S! is trivial, so it has a lift f : X > R. 


R is contractible, so f : X — R is nullhomotopic, f = po 7 is also nullhomotopic. 


Sep 0 SXHS9A 


connected 2-sheeted covering space connected 3-sheeted covering space 


10. 


11. X; and X92 have 2 points and 3 edges, they can’t be covering spaces of other space. x l= on 


a x b ¥ x b y 
wy, —— 
ee a{ f——( }< 
y x x b 8 


Xy 2-sheeted covering space x X92 2-sheeted covering space Xs 


12. Let N be normal subgroup generated by a2, b?, (ab)*, p : X —> S, V S; be covering space. a2 5 


N C m(X,2o). X is normal, so p,(11(X,xo)) is normal. 
ps is injective, so 7(X, xo) is normal and N = 7(X, 20). 
13. Let N be subgroup of Z « Z generated by the cubes of elements. N is normal subgroup and Z *« Z/N is Burnside 
group B(2,3) of order 27, so covering space of $1 Vv S! corresponding to N is normal and 27-sheeted. 
14. Let X, and X2 denote the first and second copy of RP?, 71(X1) = Zz = (a), 71(X2) = Ze = (b). 
Covering map maps blue S? to X, and red S? to Xz. Consider subgroups of 7,(X, V X2) = Zz * Zz = (a) * (b) 
S? S? RP? RP? 
LN (2) dp dp 
“a7 \y : 
X Xo 

(1) For trivial subgroup 1, it corresponds to the the universal cover, i.e. the infinite chain of S?. 
(2) For subgroup isomorphic to infinite cyclic group Z, it is generated by (ab)” or (ba)” of index 2n (n > 1). 
It corresponds to a “necklace” of 2n copies of $?. 


infinite copies of oS basepoint n copies of << 


\ARa aS 


basepoint 
universal covering of RP? V RP? covering space corresponding to subgroup ((ab)”) and ((ba)") 


(3) For subgroup isomorphic to Za, it’s generated by (ab)™-a or (ba)™- b (k > 0). 


It corresponds to RP? attached to an infinite chain of $?. 


k ee” of basepoint k copies of ee 
(ab)?* - a = (ab)* (ba)?*+1 . b = (ba)* - bab - 
covering space corresponding to fe oup ae -a)(k > 0) covering space corresponding to Biol a b)(k > 0) 


k copies of eo basepoint k copies of << basepoint 


_—=——— Ay, pe 


(ba)* - b = (ba)* - b - (ab)* (ab)?**1 . a = (ab)* - aba: (ba)* 


covering space corresponding to subgroup ((ba)?* - b)(k > 0) covering space corresponding to subgroup ((ab)?**1 - a)(k > 0) 
(4) For subgroup isomorphic to the infinite dihedral group Zz * Zo, it’s generated by (ab)” and (ab)™-a(m <n). 


It corresponds to a finite chain of $?’s with both ends attached an RP?. 


1 copies of __tevmet OED a k —1l—1 copies of in toni RD 
-(b 


a)k-"-1 . bab. (ab)*-!-1 


covering space oS to subgroup ia (ab)”-a) (kK >1+1> eS 


l copies of —— k, — | copies of 
(ab)? -a = (ab)! - (ab)?*+1 — -(ba)k-!. b- 


covering space corresponding to subgroup ec - -a) (k>l> ” 


l copies of =o a basepoint | —I1—1 copies of as 


com me 


DRKK- KFA 


(ab)2+1 . -aba- (ab)** = aba: - (ba)*-"-1 . b- (ab)k-} 


covering space Ricnend to ea phe pee -a) (k>1+ 7 > . 


l copies of __ lovee ot GORD basepoint | k—I1-—1 copies of int kta at GD 


(ab) 2l+1 , -aba- (ab) 2k+1 _ - (ba) k-l-1 - bab - (ab) k-l-1 


covering space prateni to oe ae neh -a) (kK >l4+121) 


15. Choose basepoint 29 € A with % € A. Let i: AG X,t: Ao X be inclusions. plz A> A, p: x SX, 

For [f] € ker qx, [f] =0 in ™(X, 20) so f lifts to a loop f in X (also in A), [f] = (pl z)«([f]), ker ax © im(p| z)«- 
iopl|z = pot, to (pl z)x = Ds O te = 0, im(p|z). C kerg,. Thus im(p|z)« = ker qx. 

17. There’s a 2-dimensional cell complex X s.t. 71(X) = G and a normal covering space p: X + X s.t. p.(m(X)) & 
N, G(X) = G/N. px is injective, so 7(X) ~ p.(m1(X)) = N. 

18. Suppose 71(X) = G. G’ = [G, G]<G, there exists normal covering space p : X + Kak: y (Gist (X)) Sm (X) =G'. 
G(X) = G/G’ is abelian, so p : X —> X is abelian covering space. 

Suppose q : X’ + X is another abelian covering space, q.(™(X’)) & N<G and G(X’) = G/N is abelian, then 
G! C ker(G + G/N) = N, p: X > X has a lift p: X > X’s.t. qop=p. 

Dp: = X,q: X' + X are covering spaces. From Exercise 1.3.16, p: NB 5 covering space. 

Use unique lifting property, the ‘universal’ abelian covering is unique up to isomorphism. 

For X = S! v S', its universal abelian covering space is {(z, y) € R*,2 € Z or y € Z}. 

For X = S'v S' v S', its universal abelian covering space is {(x,y,z) € R?,x €Zorye€ZorzeZ}. 

19. Let G = ™(M,) = (a1, b1,...,@g, bg | [a1, 61] - +> [@g, Bg])- 


Let X be universal abelian covering space, G’ = m1(X) = [G, GI, Gx) = 11(Mg)ap = 29. 
G/G’ | By 
N’'/G’ _ N'/G' _ 


For normal covering space X with G(X) = Z”, let N’ =7(X). G’ CN’, G(X) = G/N’ = 


The picture below is the case for n = 3 and q = 3. It’s similar for q > 3. 
= 


BQ) !Z 
SI) F- 


If such a covering space Y + M, exists, we have an embedding Y > R® with G(Y) = Z?. 

Taking the quotient yields embedding M, — T*, which induces a surjection 7(M,) + (T°). 

Suppose there’s an embedding i: M, — T®, let Y be covering space corresponding to ker(m(M,) > m(T°)). 
Then Y + M, > T® has a lift ® : Y > R? via covering map R* > T°, and ® is injective. 

Y — M, and R® > T® are local homeomorphisms, M, — T® is embedding, so ® : Y + R? is an embedding. 
20. Fundamental group of Klein bottle is (x,y | zyry~! = 1). 

Non-normal covering space by a Klein bottle is corresponding to subgroup (x,y). 23. y-a3-y >t =1. 


Non-normal covering space by a torus is corresponding to subgroup (x3, xy”). v°- xy? - (#8)~1- (wy?)~! = 1. 


21. (1) Let M be Mébius band. 7(S' x $1) = (a,b | ab = ba), 7 (M) = (c). ™(X) = (a,b,c | ab = ba,a = c’). 
m(S! x S') > m(X) and 7(M) > 71(X) induced by inclusions are injective, so universal cover R? of S! x S' and 
universal cover R x [0,1] of Mébius band embed into universal cover of X. 

The construction is an example in Bass-Serre theory: 

The universal cover of X is product T x R where T is an infinite tree in which every vertex has valence 3. 

The union of adjacent red edges crossed with R depicts R?, 

and the blue edge crossed with R depicts R x [0, 1]. 

my(X) = (a,b,c | ab = ba,a =) = (b,c | be? =e"), 


b acts on T x R by translating T along the red direction by 1 unit. 


c acts on T x R by flipping T over a midpoint of a selected blue edge and translating along the R factor 1 unit. 
(2) Let e? be 2-cell of RP? and D be closed unit disk in R?. 

Shrinking Mébius band to its central circle induces a homotopy from X to StU f e*, f: de? = S51 4 S124 24. 
Universal cover of S1 Uy e? is homeomorphic to D x {1,2,3,4}/ ~, where (2, i) ~ (y,j) iff f= y € OD. 

The universal cover of X is homeomorphic to the quotient of D x {a,b,c,d}U S! x [-1,1]/ ~, where 

(x, a) ~ (x,c) ~ (2,1) for x € OD = S", (2,0) ~ (a, d) ~ (x, —-1) for x € OD = S'. 

m(Y) = (a,y | 22 =1,y? =2) = Zz, acts as follows: 

(re27™9 a) Hy (re?THOF1/4) 6) Ls (re27i(941/2) c) Ly (re?™i(9+3/4) | d) 14 (re?™!’, a) for points in disks D x {a, b, c,d}, 
(or 2S eres apis 2 ps eres) i) (e2"" a) for points in Se [= 1,1), 

Covering map X — X maps the disks to RP? and the cylinder to the M6bius band. 

23. Fix « € X and neighborhood U of « s.t. H={gEG|UNg(U)} is finite. 

Let V, be disjoint open sets of gx for g € H, then V =(\,cx g_'(V,) is the desired neighborhood of x. 

24. (a) For covering space X 4 Y > X/G, let H ={g€G| (x) =n(gz), for all x € X}. 

Y is isomorphic to X/H via fi: Y > X/H, yw Ha, xen \(y) and fo: X/H ~ Y, Hr (2). 

(b) (i) Suppose X ™ X/H, S X/G, X 7+ X/Hz &> X/G. Let Ny = (q1)«(11(X/H1)), No = (d2)x(™1(X/H1)). 
If X/H, “+ X/G, X/Hz “> X/G are isomorphic, then gNig~! = No for some g € 1(X/G). 

Let ® : 7 (X/G) > G be surjection given by deck transformations on X + X/G, then ®(N;) = Hj,i = 1,2. 

For [a] € 7(X/H;), @ has a lift a in X from % to #1, with % = hy Zp for some hy € H; and ®((q,)x([a])) = At. 
For hi, € Ay, fix vo € X, let 8 be path from xo to h4xo, then [p1(B)] € m1(X/H1) and ©((q1)«([p1(8)])) = h4. 
From gNig~! = No for g € ™(X/G) and 6(N;) = Hj,i = 1,2, H2 = O(g)- Hy - ®(g*). 

(ii) If Hp = gH,g~' for some g € G, then X/H, is isomorphic to X/Hp via f,; : X/H, > X/Ho, Hix + Hogx and 
fo: X/He + X/Hi, Hox > Hig" 'z. 

(c) Let p: X/H — X/G be covering space. 

(i) If HG, then for Hx, Hgx € p-!(Gx), Hgx = gHx where g € G is a deck transformation on X > X/G. 


This descends to deck transformation X/H — X/G,so p: X/H — X/G is normal. 
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(ii) If p: X/H > X/G is normal, then p,(71(X/H)) is normal in 71(X/G). 

Let ® : 7 (X/G) > G be surjection in (b), then ®(p.(71(X/H))) = H is normal in G. 

25. Non-Hausdorff: Orbit of (0,1) contains (0,2~”) and orbit of (0,—1) contains (0,—-27”). 

Let p: X > X/Z. Exact sequence 0 > 7(X) 2 m1(X/Z) > Z > 0 right splits, so 7 (X/Z) = m(X)®Z=Z?. 
26. (a) Let C be connected components of X and  : p~! (aq) + C, & +4 connected component C(z) 3 &. 

For [a] € ™(X, 20), [a] - Z is the endpoint of lift of a starting at Z. 7: p~'(ao)/m(X, x0) > C is injective. 

For C €C, z-1(C) =CNp-"(zo). Thus 7 is 1-1. 

(b) Suppose C' is component of X containing a given lift Zp of zo. p: C + X is connected covering space. 

Let H be stabilizer of % for the action of 71(X, 20), i.e. the subgroup of all [y] € m(X, 20) s.t. [y]- Zo = Zo. 
Let N = p.(m1(C,%)). We have N = H by definition. 

27. (Revised) For [y] € 71(X,2o), to € X, Zo € p41 (xo), suppose ¥ has lift y, from %1 to Zo, y¥1 from Zo to Ze. 
For universal cover p: X + X, ™(X) & G(X). [4] corresponds to deck transformation Py taking Zp to £2. 
Action of m(X,29) on p~'(29) means a homomorphism 7(X,29) > Sp-1(a9), Where S,-1(z9) is the permutation 
group of p~"(so). 

m™(X, 2) acts on p~'(a9) by lifting loops at 29 (monodromy action) means ®,([y])(%o) = £1. 

™(X, 20) acts on p~'(29) by restricting deck transformations to the fiber means ©([y])(o) = ¢[4](0) = £2. 
These two actions are the same when 7(X) = Ze. 

29. Let m1: Y > Y/Gi, Y > Y/G. be covering spaces. 

If y: Y/G, — Y/G2 is homeomorphism, there’s a lift 6: Y 4 Y s.t. teG = yre and GGG"! = Go. 

If hG,g~! = Go, then h : Y - Y induces a homeomorphism h : Y/G, > Y/G2, Gry Goh(y). 


30. 


31. Suppose X = \/"_, S!. Let p: X > X be a normal cover and N = p,(™(X)). NF = *nZ. 

We want to show X is the Cayley graph of G = F,,/N. Denote Cayley Graph of G by C(G). G(X) = G. 

Fix basepoint @ € X, there’s a bijection ® from the vertex set of C(G) to vertex set of X given by ®(g) =9-Z. 

If (v, w) is an edge in C(G), there exists a generator g € Gs.t. w= gv. O(w) =w-f=g-(v-%) =g- Ov). 

The edge (®(v), ®(w)) is in_X, so ® can extend to ® : C(G) + X. 

For vertex v € X, path y from x to v defines a word in F,,. For another path 7 from & to v, 7-y defines a word in N. 


Hence we get an map X > G = F,,/N > C(G), which is the inverse of ¢. 
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32. Let p,: x > X and po: Ks — X be covering spaces where pee Xs: X are CW complexes. 

(a) If y : X, 4 Xp is covering space isomorphism, then y(X}) = XJ, ol xa: Xi + X32 is isomorphism. 
Conversely, suppose Pil x ex ay XE pal x1 : X1 + X} are isomorphic via isomorphism y : X} > Xd. 
Suppose y is defined on ee and ¢: dex + X,_1 is attaching map for X, we want to extend y over p~!(ex). 
p, (ex) and ps‘ (ex) are disjoint unions of k-cells mapping to e, homeomorphically. 

For every € € p; ‘(ex), there’s some e’ € pz (ex) s.t. p(de) = Oe’, so we can define ye = (pale)7! © pile: 

(b) Deck transformation of X — X restricting on X! is deck transformation of X! + X?, 

Conversely, suppose by induction X* 5 X* is normal cover, x € (k +1)-cell e C X and %, %1 € p- (xo). 

Let €,€1 be (k + 1)-cells in X containing %o and #1 respectively. 

For y € Oe, there’s a path y C é from z to y. ¥ has lifts +; C & in X*+! from %; to yi © Oe; C X* fori= 0,1. 
Deck transformation over X* sending yo to + y1 extends to deck transformation on Xk sending Zo to 7. 
Hence X*+! + X*+1 is a normal covering space and X — X is normal. 


(c) Deck transformation of X — X restricting on X! is deck transformation of X! + X!, and a deck transformation 


of X! + X! extends uniquely to a deck transformation of X + X from (b). 
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5 Section 1.A 


Skipped for triviality: 6. 
Skipped for difficulty: 11-13. 
1. Note that a basis for weak topology of X consists of open intervals in the edges together with the path-connected 
neighborhood of the vertices. A neighborhood of the latter sort at vertex v is the union of connected open neighbor- 
hoods U, of v in €q for all €g containing v. Such eg is finite, so such U, is open in canonical metric of R?. 
Open interval is open in canonical metric of R?. Thus weak topology on X is a metric topology. 
2. Denote the connected graph by X and its connected subgraph by Y. 
If X is a tree, then Y is also a tree, and retraction maps X — Y to vertices in XNY. 
If X contains a loop, then the retraction can be given via the following operation. 
edge in X 


retraction 


edge in Y 
3. (1) A tree can be obtained from a vertex by attaching a vertex with an edge finite times, so y(X) = 1 for X a tree. 
(2) Suppose T is maximal tree in X. Note that y(T) — x(X) =1-—y(X) is number of edges in X — T. 
4. For any edge e CY, Y —e isa tree and contained in a maximal tree T. 
m™1(X, 20) has a basis with one generator corresponding to e C X —T. 
5.g:S'GS'VS!,f:S'V S51 + Sst. fog=1. 
7. Let F be free group of n generators, X = \/j_, S$! with wedge point xp and 7(X,a0) = F. 
Let p: X + X be covering space corresponding to N <«X and T be a maximal tree in a 
Suppose JN is finitely generated, then X-—T contains finitely many edges and Vo = {vertex x | x € @, for some edge eg C 
<= T} is finite. Let V; be set of vertices of distance at most i from some vertex in Vo. 
Each vertex intersects at most 2n closure of edges, so V; is finite for each 7. 
If N is of infinite index, then X contains infinitely many vertices. N is normal, so for any vertex v € X, ps (Gist (X su) = 
N. 
Let 7 be a non-trivial loop in X based at x corresponding to an element in N, which is a reduced word of length k. 
Choose vertex v € X — Vi41. Lift of 7 at v, say 7, is a path of length k in X and by definition 7 C T, [4] = 0. 
[y] = p«[7] = 0. Contradiction. 
8. First prove the case of free groups, the general case follows since every group is a quotient group of a free group. 
For finitely generated free group, its subgroup of finite index corresponds to a graph of finite vertices and edges, and 


there’re finitely many possibilities for such graph and such subgroup. 
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9. (1) For given group G, there exist a 2-dimensional cell complex X s.t. 71(X,2o) = G for some x € X. 
Note that X is path-connected, locally path-connected and semilocally simply-connected, for subgroup H C= G, there 
exists a covering space p: Xq — X s.t. px(t1(Xy,%o)) = H for some basepoint Zo € p~*(zx0). 

Change basepoint 9 within p~'(xo) corresponds to changing H to its conjugate subgroup in G. 

Since [G: H] = #{p~'(ao)} =n, H has at most n conjugate subgroups in G. 

(2) Consider homomorphism induced by group action p: G > Sex, p(g)(9' A) = (g9')H. 

ker p =(\jeq9Hg_' C H and is normal in G of index |Sg/z| = |Sn| = n!. 

10. This is Marshall Hall’s Theorem in Stallings’ article (Topology of finite graphs. 

See also: Projection between graphs extends to a covering space. 

11. [Why are free groups residually finite 

12, [Exercise 1.A.12 in Hatcher's Algebraic Topology. 


14. The following proof comes from “Infinite combinatorics: from finite to infinite”, Horizons of combinatorics. Section 
2.2 Spanning trees. Page 192 — 193. 

(=) Let G = (V, E) be a graph and T be the family of subtrees of G. For T,T’ € T, write T = T’ if T CT’. 

Since J is closed under increasing union, (7, <) has a maximal element T = (V’, E’) by Zorn’s Lemma. 

Since there is no edge between V’ and V — V’, we have V = V’. Hence T' is a maximal tree. 

(<=) Let A= {A;:7 € I} be a family of non-empty sets. We want to find a choice function. 

First assume the elements of A are pairwise disjoint. Construct a graph G = (V, E) as follows: 

Let V = {x} U{y, 2:7 € I} UU{A; : i © I}, where {x} U {y:, 2; : i € I are new, pairwise different vertices. 

Let B= {ay 21 © I} UUjse{ xa, ays : a € Aj}. G is connected and by assumption has a maximal tree T’ = (V, F). 
Then we have 

(1) {ay : 1 ET} CF. 

(2) For each i € I, there is exactly one a; € A; s.t. zja;, acy; € F. 

(3) For each a € A; — {a;}, we have za € F iff ay; ¢ F. 


Thus f(i) = a; is a choice function for A and f is definable using T. 
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6 Section 2.1 


Skipped for triviality: 11, 13, 15, 22, 30. 

Skipped for difficulty: 10, 21, 23-25, 28. 

1. Mobius band. 

2. Let § = [012] U [123] C A? = [0123], [01] ~ [13] and [02] ~ [23]. S/ ~ is Klein bottle. 

Deformation retraction F : A® x I + S$ induces continuous quotient map F : A?/~ xI > S/~. 3 

[01] ~ [23], [02] ~ [13] produces A-complex deformation retracting onto a torus T?. 2 


[01] ~ [02], [13] ~ [23] produces A-complex deformation retracting onto a 2-sphere S?. 


[01] ~ —[23], [02] ~ —[13] produces A-complex deformation retracting onto RP?. 


RP! 


4. Denote this space by X. HO(X)=Z. HA(X) =Z OZ. HA(X) =0 for n> 2. 

5. Denote Klein bottle by K. HA(X) = Z. HA(X)=ZOZ_. HS(X) =0 for n > 2. 

6. Denote this space by X. Ao(X) = (v) = Z. 

MS Cie S OH Bil X) a Mig Ay) SOO. v v v 
O2Xo = €9, O2X; = 2e; — e;_-1 for i=1,...,n. kerO, = A(X). Ion Ion _ an 
AE(X) =Z. AMX) = (eq | 2") — Zon. HOC) =O fornSd. 9 ee ge Oe ee 


7. A’ = [0123] = AUB. 8[0123] = [123] — [023] + [013] — [012]. Let [123] ~ [023], [013] ~ [012]. 


A/~ = 0D? x D?, B/ ~ = D? x 8D?. $3 = AD4 = O(D? x D®) = 0D? x D?UD? x OD? = AJ SU B/~ =A3/~. 


so apn pt A) Ao(X) => (W1,...,Wn, Ri,.--,; Rn). A3(X) = (T2004 Tn) 


Ri+1 


037; = W; = Wi-1 + R; = Ri41- O02 R; = 8; — 8-1 + h, OW; =v—s,t+ Sj41- O18; =Yy- 7, Oyh = 0, Olu = 0. 


Note that 0.R1 = 1-8, +h =h+(s1—82)+:+-++(Sn-1— $n), 02Wn = V— Sn +81 = U+(51 — 82) +++-+(Sn—1— Sn). 
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ker 0) = (81 — S2,.--,;8n—1 — Sn, h,v). ker 02 = imO3. ker 03 = (T; +---+Thy). 


HS (X) = ker Oo/ im, = (2, y)/(y—2) = Z. HA(X) = ker 0,/imd. = (h | nh = 0) = Z,. HA(X) =0. HA(X) =Z. 
9. Ax(X) = (az) = Z for k <n. Gay = eg (—1)*ax—1 = ag—1 for k even and 0 for k odd. 

12. For f,g: X — Y and chain maps fy, g# : Cr(X) > Cr(Y), fe and gz are chain homotopic means there exists 
prism operators P : C,(X) > Cn4i(Y) s.t. OP + PO = gy — fx. 

14. (0) Prerequisites: In Abelian category A, suppose b: B > D is morphism, and g : C + D is epimorphism, then 
the followings are equivalent: 


(i) A—’+B is pullback. 


C —+D 
(ii) 0 E A—1+B 0 is commutative diagram with exact rows. 
oat 
0 E c—+D 0 
a) 


(iii) O37 A> BOC 9), 1 + 0 is exact. 


(1) For abelian group A, 0 + Zpm ee ee Zyn — 0 is exact & A= Ze X Zym+n—~ where 0 < k < min{m, n}. 
(=>) Suppose 7(a) = 1 for some a € A. Define g: Zpm x Z + A by g(z,y) = f(x) +y-a for cE Zypm,y EZ. 

The key point is there’s a multiplication of elements in Z and A, which requires A to be a Z-mod/abelian group. 
Claim: (Zpm x Z,p,g) is pull-back of 1, : A — Zpn and m2: Z—> Zyn, where p: Zpm x Z — Z is projection. 
Pull-back of 7 : A — Zp» and 72: Z— Zyn is (P, v1, 2), where P = {(m,n) € Ax Z| m1 (m) = 72(n)}, Y1: POA 
is projection A x Z > Z restricted on P, w2: P > Z is projection A x Z — Z restricted on P. 

h:Zym x Z— P is defined by h(x, y) = (g(2,y),y), & € Zpm,y € Z. 

k:P— Zpym x Z is defined by k(m,n) = (f~!(m—n-a),n), mE Ane Z. 

Note that m—n-a€ kerma; = imf and f is injective, we have commutative diagram (I) and enlarged commutative 


diagram (II) with exact rows and columns. 


0 0 
we al vy 
h 

Na . af be ld 
(I) Zpm XZ P+ Z (Il) 0 —> Zym —++ Zym x Z —? > Z ——> 0 

Nb b | ob. b 
— > Z, 0 ——+ Zym a ee > 0 

0 0 

(p") 


The middle column is short exact sequence of form 0 —> Z ——>+ Zpym x Z —+ A —+ 0 for some r € N. 
("0 ) 
It’s equivalent to short exact sequence 0 — Z x Z peal 29 Zypm xX Z— A— 0. 


m k 
The integer matrix ea _) is equivalent to ‘ce ek) where (p*) = (p™,p”,r). 
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Thus A & Z,x X Zymtn-r forO<k < min{m, n}. 


(<=) For m,n EN, letk Ee Ns.t. 0<k < min{m,n}, thn k<om<m+n-—k. 


We have epimorphism a@ : Zpm — Z,x and monomorphism § : Zpm — Zymtn—n. Zpm ia Zink X Lym+n—r is injective. 


m+n—k 


coker(a, 8) = (a,b | a?” = bP = 1, ab = ba, ab?” * = 1) = (b| bP” =1) =Z nr. 


Thus we have short exact sequence 0 — Zpm ef, Ziyk X Ziymtn—- —+ Lyn — 0. 


(2) For abelian group A, 0 —> Z— A — Z,, —> 0 is exact © A = Zq x Z where d|n 
(n) 


(=) We have short exact sequence of form 0 —> Z —> Z x Z —> A —> 0 for some r € Z. 


The integer matrix (7) is equivalent to (4), where d = (r,n). Thus A & Zg x Z. 
(<=) If d| n, re ee cae x Z— Z,, — 0 is exact. 
16. (a) Ho(X, A) =0 = Ho(A) > Ho(X) is surjective iff A meets each path-component of X. 
(b) Hi(X, A) =0 = Hy(A) > Ay(X) is surjective and Hp(A) > Ho(X) is injective. 
H(A) — Ho(X) is injective iff X each path-component of X contains at most one path-component of A. 
17. Suppose A is & points in path-connected space X, then X UCA ~ X V ees §*). 
H,(X,A) = H,(X U CA) = Hy(X Vv (Vizy S?)) & Ha(X) © (@iy An(S")). 
(a) H2(S2) = Z, Hy(S?) =0 forn #2. Hy(S! x S!) =Z@Z, Hp(S! x $1) =Z, H,(S! x S!) =0 for n> 3. 
Hy(S?.Aj=Z?™, Hol S*, A) = ZA (8°, A) = tor nS 3. 
HG xS’.A=27""', AalS #8 A) SZ, BS 8 Al =O for nS 3. 
(b) X/A~ T2 Vv T?. H,(X, A) & Hy(X/A) = H,(T? V T?) & Hy(T?) © H,(T?). 
X/B ~ T?/{#1,*2} ~ T? VS". H,(X, B) & Hy(X/B) = H,(T? V S!) = Ay (T?) @ A, (S?). 
18. H,(R) > Hy(R,Q) > Ho(Q) > Ho(R) is exact. H\(R) = 0 = Ap(R), A(R, Q) & Ho(Q). 
0 + Ho(Q) > Ho(Q) 4 Z > 0 is exact, where y : Ho(Q) > Z is induced by € : Co(Q) > Z, ay es) = 
For og: A° + ¢€ Q in Co(Q), {04 — 00 | ¢ € Q} is a basis for kere, {fog — co] | ¢ € Q} is a basis for ker py = Ho(Q). 
19. Denote this space by X. Ho(X) = Z. Hi(X) = Q@,, Z. An(X) =0 for n > 2. 
20. Long exact sequence of triple (CX, X,*) gives Hn4i(CX,X) & H,(X,*), thus Hn4i1(SX) ~ Hy, (X). 
Hint (User CX) = Hnai(Ujar CXUCX) & Anta (Ujnr CX,X) = Haya (Virr SX) = Bi Anti(SX) = Bi Aa(X). 
21. Explicit isomorphism Hn(X) © Hn+1(SX): 
26. From section 2.A, for X path-connected, H\(X) = Hy(X) = ™(X)av. 
Note H,(X, A) © H\(X UCA). X UCA is homotopic to V. 5", while X/A is homeomorphic to Hawaiian Earring. 


H,(X, A) = @,, Z. The singular homology of the Hawaiian Earring. 


27. (a) By naturality, we have commutative diagram 


|p Ie |p |r |r 


H,(B) ——> H,(Y) —— H,(Y, B) ——> H,-1(B) —— An-1(Y) 
f:X—Y and f|4:A-— B are homotopy equivalences, so from 5-lemma, H,,(X, A) = H,,(Y, B). 


(b) For any be continuous map g : (D", D" — {0}) > (D", $"~'), g(0) C $"~1, so g: D" > S”~ is nullhomotopic 
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20S XS) =F (S VSS = ZA (SX) SAS VS i Ze, a(S? XS = BS VS VS Z, 
HS? 8") = BS) Shy S*) = OtornS 3: 

Universal cover of S! x $+ is R?. It’s contractible hence has homology group 0. 

Universal cover of S! V S$! V $? is universal cover of $+ V S! with a $? attached at each vertex, denoted by X. 


X = X?, X1=§!\v S$! is contractible, so H2(X) = Hp(X?) & H2(X?, X!) = H(X2/X1) = H2(\V S?) £0. 


31. 0 0 Z Z 0 
Pee we oF 
0 Z Z 0 0 
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7 Section 2.2 


Skipped for triviality: 7, 15, 22, 37. 

Skipped for difficulty: 16. 

Note: Exercise 34 is deleted by the author — see the errata for comments. 

1. For f: D” > D", if >:D? UD? =S" + D® CS" is not surjective, deg f =0. f has fixed point in D”. 

2. (1) For f : $2” + S?”, if f has no fixed points, then deg f = —1. If —f has no fixed points, then deg f = 1. 
Thus either f or —f must have a fixed point, i.e. there’s some point x € $2” s.t. f(x) =a or f(x) = —a. 

(2) For g: RP?” — RP?”, quotient map 7 : S$?" > RP?”, go7m has a lift g: S?" > S?" st. gom = 0g. 

For g: S$?” + S?”, there exists point « € S$?” s.t. g(x) = a or g(x) = —2, so g(m(x)) = n(G(x)) = (2). 

(3) Consider linear transformation T : R?” > R2", (21, 22,..-,;2n) 4 (—Xan, 21, 22,--.,;Lan—1). T?” = —idan. 
x?" + 1 is characteristic polynomial of T’ and has no real roots, so T has no real eigenvalues or eigenvectors. 
Thus T : R?” — R?” induces a map RP?”~!  RP?"—! without eigenvectors. 

3. (1) deg f = 0, so f and —f have fixed point(s). 


F 
(2) For non-vanishing vector field F’, let G = sta >:D" + S$"! andi: 0D" = S"~! & D” be inclusion. 


x 

Glapn = Goi: $"-! + §"~! satisfies So: = so deg Glapn = 0. 

ASG pes D"/OD" = 8S". 7:8" — D” given by (a1,.--,@n,Un+1)  (@1,---,2n) is projection. 

5. Let fy, be reflection of S” across n-dimensional hyperplane with unit normal vector k. Treat k as a point on S”. 

For « € S”, we have f;,(%) = « — 2(a,k)k. For different reflections f, and fp, let y : [0,1] > S” be a path from a to b. 

Then F: $” x [0,1], F(x,t) = f,(1)(£) is the desired homotopy from fa to fo. 

6. (1) Method 1: Suppose f : S" > S”, deg f =k. g: $1 > S!,z > z* is of degree k and has fixed point 20. 

Suspension Sg : S? + S$? and Sg|s: = g, so Sg(xo) = g(xo) = vo and deg Sg = deg g. 

By induction, S"~g : S$” + $” and S"~!g|g: = 4g, 2o is fixed point of S"~1g. deg S"-'g =k=degf, S* 1g ~ f. 

(2) Method 2: WLOG suppose f : S” + S” has no fixed points, then f is homotopic to antipodal map. 

When n is odd, the antipodal map is homotopic to identity map on S”, so f is homotopic to identity map. 

When n is even, let n = 2m. Consider homotopy H(z, t) : $7” x [0,7] + $?” given by 

((@1,@2,---,;Lam41), t) OH (x1 cost—x2 sint, x2 cost+a, sint,...,£am—1 COSt—XLam, Sint, Lam COSt+Lam—1 Sint, —Lam41)- 

H(z,t) is homotopy from g: S?™ + $?™, (x1, 22,...,;2am41) > (@1,22,--.;—Lam41) to antipodal map on $?”. 

Thus f is homotopic to g, which has fixed points (x1, %2,...,V2m,0) € $?™. 

8. First, oo is not a zero. Suppose z),..., 2% are the roots of f with multiplicities n1,...,n%, then deg f = Sm 
= 

For appropriate local coordinate chart near z;, f has form w = z™h(z), where h(z) is a non-vanishing homomorphic 


x F : k 
function, thus deg f|z; = n;. deg f = >> deg f|z; = >> nj = deg f. 
i i=l 
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9. (a) Let X, = S?/{{N}, {S}} ~ S1V 82. H,(X1) = Z for n =0,1,2 or 0 for n > 3. 
(b) Let Xp = S x (S! Vv $1). 0 Z(U, L) 2s Z(a, b,c) “4 Z(v) 3 0. dy =0, dp =0. 
Ho(X2) = Z, Hi(X2) = Z3, Ho(X2) = Z2, Hy(X2) =0 for n> 3. 
(c) Let the space be X3. Attachment map of 2-cell U is ca~1e~1ba-!b-!a. 0 > Z(U) “2s Zila, b,c) s Z(v) > 0. 
dy =0, do(U) = —a. Ho(X3) = Z, Hi(X3) = Z?, Hy(X3) = 0 for n > 2. 
dz 


(d) Let the space be X4. Attachment map of 2-cell U is a"b™a~"b—-™. 0 > Z(U) —> Z(a, b) “, Ziv) > 0. 


dy => 0, dy =0. Ho(X4) => Z, A, (X4) => Z?, H2(X4) = Z, Hy,(X4) =0forn = 3. 


10. Let an : S" + S” be antipodal map. deg a, = (—1)"*1. 


(1) X has one 0-cell v, one 1-cell e, two 2-cells Di, D_. 0 > Z(D4, D_) = Z(e) 


dz(Ds.) = (1+ deg ay)e = 2e, dye = 0. Ho(X) = H2(X)Z, Hi(X) = Z?, H,(X) =0 for n> 3. 


(2) Y = 93/ ~ has one 0-cell v, one 1-cell e;, one 2-cell e2 and two 3-cells Di, D_. d3(Dsz) = (1 + degag)e = 0. 


0 Z(D,, D_) 2 Zles) s Zley) 2+ Zlv) + 0. ds =0, do = 2, d) =0. 
SS 


cellular chain complex of RP? 
Ho(Y) =Z, Hy(Y) = Zo, Ho(Y) = 0, H3(Y) = Z?, H,(Y) =0 for n > 3. 
11. Related: Exercise 1.2.14 


Suppose the quotient space is X. It has two 0-cells x,y, four 1-cells a,b,c, d, three 2-cells A,B,C and one 3-cell. 


Faces of the 3-cell is identified via a twist, so d3 = 0. d2(A) = a+b—c—d, do(B) = a+b+c+d, do(C) =a—b-—c+d. 
Let a=a+4+d, B=-b4+d,y=c+d. dg(A) =a-— 6-7, do(B) =a-— 64+), do(C)=a+fh-y7. 
C)(X) = Z(a,b, c,d) = Z(a, B, y,d) = Z(a — 6 — 7, 8, y,d). Co(X) = Z(A, B,C) = Z(A, B- A,C— A). 


dy(A) =Aa— B NG do(B _ A) = 2), dg(C — A) = 26. di (qa) = 0, di({) = 0, di(7) = 0, d;(d) =@T—Y. 


dz 


» Bla — B—,B,7,4)  Z(a,y) > 0. 


ker dj = 0, Hp(X) =0. d3 = 0, H3(X) =Z. H,(X)=0 forn>4. 


Cellular chain complex is 0 > Z aa Z(A, B — A,C — A) 
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12. H2(S' VS!) + Ho(S' x $1) > H2(S! x $1, $1 v $1) = Hi(S' Vv S') — Hi(S' x $1) = A, (S! x $1, $1 Vv $2). 
AASV S*) =O SS CS SVS) Hol SRS SZ AS SN SVS) aS VS a Sa S co): 
For f : 8S? > $1 x S' and universal cover 7: R? > S! x 81, 1(S?) =0, so f has a lift f: S? > R? st. rof=f. 
R? is contractible, so vi is nullhomotopic, hence f is nullhomotopic. 

13. Let 2,3: $1 — $1 denote the attachment maps of degree 2 and 3 of 2-cells e? and 3. 


(a) X = S' Us e? Us €2 = eg U ey Up ef Us €?. Subcomplexes are eg, $1, $+ U2 €?, $1 U3 e2 and X. 


Ho(éo) SZ Hfeg) =0 form. Sl KX /eg- = Xe AGS = (8S) = Z, BAS) =O orgs 2. X/S SS" V5" 
Ho(S* Us 67) = Zy Aa (S* Use?) = Zo, A, (8? Us €7) = Otor nS 2.-X (8S) Up et)-= 87. 

Ho(S! Us e2) = Z, Hy(S4 Us e2) = Z3, Hy(S! Us e2) =0 for n > 2. X/(S1 Us €2) = S?. 

Ho(X) = Z, Hi(X) = 0, Ho(X) = Z, H,(X) =0 for n > 3. X/X = {x}. 


(b) (1) 771(S1 Ue e?, e°) = (e | (e')?). Attachment map 3: $1 > S! C $1 Us e7 is an element in 7(S1 U2 e?). 
[3] = (e')? = e!, so attachment map 3 is homotopic to attachment map 1: S' > S' C S$! Us ej of degree 1. 
Note that 2: 9! + $! C D? is nullhomotopic, so it’s homotopic to constant map 0: St > $1,511 e®. 

X = 6) yet Ug 62S" Up.e7 Wy es — CS Uy 68) Wo et =) ib.e? DD? Woe? =D? ViS2 eS, 

(2) X + X/e9 = X is a homotopy equivalence. 

X > X/S' = S? Vv S? is not a homotopy equivalence since H2(X) = Z and H2(S? V S?) = Z?. 


Consider quotient map q: X + X/(S* Us ef) = eg Ue? = S?. q is cellular and induces a cellular chain map. 


0 —> Zle2, e2) 2+ Ze!) > Ze) —+0.  Ho(X) = Z(3e? — 2e2). qq (Be? — 2e2) = —2€2. 
0 Z(e2) 0 Z(e°) +0 


qx : H2(X) + H2(S?) is not isomorphism, so gq: X > X/(S' Us e7) = S? is not a homotopy equivalence. 
Similar argument shows quotient map X > X/(S' Us e3) = S? is not a homotopy equivalence. 

14. (1) Let a, : S" > S” be antipodal map. If f : S$” + S$” is even, then f = f oan, deg f = deg f -(—1)""?. 
If n is even, then deg f = 0. Assume n is odd in the followings. Let 7: 5” + RP” be quotient map. 

For even map f : S" > S”, define g: RP” > S” by [a] > f(x), then f = gor. 

Consider quotient map q: RP” + RP"/RP"-! = 8", qom: 8” + S”, deg(qo7m) =2. 

H,(RP"-!) > H,(RP”) S H,(RP"/RP’-!) + Hy-1(RP""1). nis odd, H,(RP"-!) = 0 = Hy_1(RP""?). 
q« is isomorphism, deg(qo 7) = 2, so 7,(1) = 2, f,(1) = gx 0 7 (1) = gx(2) = 2g,(1). f is even. 


(2) For any even 2k, by Example 2.31 there exists map g : S” — S” of degree k, then go qo 7 is of degree 2k. 
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17. Let X, Y be CW complexes and f : X > Y be cellular map. 
By naturality of singular homology (boundary map @,,), we have the following commutative diagram, where f, is 


induced by singular homology by f. g 


Jn-1 


Hil XX) Ong Hya( XxX") eee Huai yk") 


|p |p |r 


Hy" ye") = Wass nies) Be lice Halve ye) 


dn, 
f induces a chain map fy between cellular chain complexes of X and Y, i.e. the following diagram commutes: 


> Hg (XP x") 2 xm, x1) 82 (XP, xP-2) > ... 


[1 | [1 


i —P Aig OO >") fai, 1 SOR re asm aes Bg a(¥ oY) —— > oes 


fx induces a map fC” : HOW(X) — HOW (Y). 


a 
0 OS Bee) ——$— H,(X) 
A, (X") 
dn n 
5 Fg x) +1 PC Ge. Sue d H, ita? ke) 
— In-1 
7: ee goes) 


0 


jax 


jn is injective, imOn41 = jn(im On41) = imdn41, Hn(X") © jn( An (X")) = im jy, = ker 0, = ker d,,. 


J 
0 — > imd,41 —— H,(x") —— H,(xX) —— 0 
ain ain =| ex 
0 ——> imdn41 ——> kerd, ——> HOW (X) ——> 0 


Isomorphism yx : H,(X) > HOW (X) is induced by jn. 


Q ——+ Im0d,41 H,(X”) H,,(X) > 0 
Ee io — 
se H,(Y") > H,(Y) ———0 


=| jn =| in =| ox 


0 —— > Imd,41 —> Kerd,, 


1 jn ~17 . =| Py 
se ij ee In few 


0 ——————> Imd,,,, —————_> Keer d, > HOW (y) ——+0 


The front, back, top, bottom and the left cube of this diagram commute, so the right cube must commute, i.e. the 


isomorphism between singular and cellular homology is natural. 
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18. Consider long exact sequences for good pairs (X" U A"t!, X"~!U A”) and note that 
Hy(X"™U Amt, X-1 A”) & (XP U AMY XP] A”) & A(X" /X"-1 UA") = A(X", X21 AP). 


Hy—1(X"-1U A”) 


d dn-1 


: aa Hy(X"U Amt, X"-1 VU A) 2 > Hy-1(X"-1U A", X"-7U A™!) >: 


i i 


Set (xX, XP-1U AN) é Hy—1(X"-1, X"-2 y AP“}) 


dn—1 


19. The standard CW structure of RP” /RP”™ consists one k-cell for m+ 1< k <n and one 0-cell. 


dn dm dm ain. d 
03725... 289775 0505---30-5Z0. 
ee i eee Sy 


n—-m m 


dy, = 2 for k even and m+1<k <n, dy =0 otherwise. 


H,(RP”/RP™) = Zz for i odd and m+1<i<n, Hi(RP"/RP™) = Z for i =0, n (n odd) and m+ 1 (m odd). 


H,(RP"/RP™) = 0 otherwise. 
20. Let b*, by, cy be Betti numbers of X, Y and X x Y respectively. 


Note that each k-cell in X x Y is the product of an i-cell in X and j-cell in Y with i+ j =k, so cy = >> ie by. 


itjak 7% 
MY) a ep OU ens 8 = Dag EE eH, Ke 

21. Let b*, b4, b8, bA% be Betti numbers of X, A, B and AN B respectively, then b* = b4A + bB — pAnF, 

X= L(-1)" be = L(-1)" bp + U(-1)"bp 2o(-1)" bn? = x(A) + x(B) — x(An B). 

23. M, is compact, so M, — My, is finite sheeted. Let M, — My), be n-sheeted. x(M,) = 2 — 29, x(Mp) = 2 — 2h. 
x(M,) = nx(Mp), 2— 29 = n(2— 2h), so g = n(h—1) +1. 

24. (1) The first graph is Ks with 5 vertices and 10 edges. y(As5) = —5. 

If Ks is 1-skeleton of $?, then from x(S?) = 2, S? has 7 polygons with 20 edges in total. 

Let n1,...,7 be the number of edges of polygons, ny +---+n7 = 20. 

We must have n; = 2 for some 7, which means two of vertices of Ks are connected by two edges. Contradiction. 

(2) The second graph is K3,3 with 6 vertices and 9 edges. y(K3,3) = —3. 

If K3.3 is 1-skeleton of S?, then S? has 5 polygons with 18 edges in total. Notice that a circle in K3,3 contains at least 
4 edges, so we need at least 4 edges to bound a polygon, and 5 polygons need 20 edges. Contradiction. 

25. Existence: yn(X) = n- (x(X) — 1) has the desired properties. 

Let y, denote the function y for n € Z. For CW complex A and B, (AV B)/A = B, yn (AV B) = gn(A) + Gn (B). 
For S*-! C §* as equator, S*/S*-1 = 9* v S®, on(S*) = wn(S*-1) + 2yen(S*), Gn(S*) = —en(S*-1) = (-1)* - nr. 
Suppose finite CW complex X has c; i-cells, c; is nonzero for finitely many 2. 

On(X") = Yn(X*") + On(Va Sh) = Pn(X*) + ce» Pn(S*) = pn(X*) +n (—1)Feg. Gn({*}) = 0. 


By induction, we have y,(X) = n- (x(X)— 1). The uniqueness is guaranteed by property (b)(c) via calculation. 
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26. (a) (=>) Ifr: X UCA > X UCA is retraction, then f(a) = r([a,t]),a € A,t € I is the homotopy. 

(<) Define r: X UCA > X UCA by r([a,t]) = fi(a) for ae A,t ET, r(v) =a for xe X. 

(b) If A is contractible in X, then we have retraction r: X UCA— X. H,(X UCA) & H,(X) © Ay(X UCA/X). 
H,(X UCA) = H,(X, A). (XUCA)/X ~ SA, Hy(X UCA/X) © Hy (SA) & Hy-1(A). 

27. Given AC X, C,(X, A) := Cy(X)/Cr(A). 0 > Cp(A) > Cr (X) > Cr(X, A) > 0 is exact by definition. 

0 > H,,(A) > A,(X) > H,(X, A) > 0 is exact if boundary homomorphisms 0: H,(X,A) — Hy -1(X) are zero. 
Let C/,(X, A) be subgroup of C,,(X) generated by singular n-simplices 0 : A” — X whose image isn’t contained in A. 
Every element o in C;,(X) has a unique decomposition o = 01 + 2, where a, € C,(A) and a2 € Cy,(X, A). 

Cn(X) & Cn(A) @ Cl, (X, A), CL,(X, A) & Cn(X)/Cp(A) and we have isomorphism y : C;,(X, A) = C!,(X, A). 
However, boundary map O doesn’t take C/,(X, A) to C’,_,(X, A), since for 0 € C),(X, A), Oo may have faces in A. 
Thus 0 > C,,(A) > C,(X) > C,(X, A) > 0 only splits as graded abelian groups, not as a chain complex, which is 
not enough to induce a split on homology. 

28. Related: Exercise 1.3.21 

(a) Let X be the space in question, Y be the Mébius band and N ~ S' be a neighborho od of the identified circle in 
X,then A=T?UN2T?, B=YUN~Y~S1, A, B are open in X and X = AUB. 

Consider MV sequence for reduced homology groups: 


H(N) ——>+ Ho(A) © Ho(B) —*+ fa(X) “4 Hi(N) —24 (A) © Hi(B) —> W(X) — 0 


~ 


— —> 
IR 
IR 
IR 


S?) H>(T?) @ H2(S") H,(S?) H,(T?) ® H,(S") 


or IR 
IR 
IR 
IR 


o(b) = c+ 2e, ¢ is injective, so w = 0, ¢ is isomorphism. A(X) ~Z. 

imy = Z(c+ 2e), H,(X) & Z(c,d) @ Zle)/Zlc + 2e) = Zlc + 2c, d, e)/Z(c + 2e) = Z?. 

X is path connected, so Ho(X) = Z. Hi(X) = Z?, H2o(X) =Z, H,(X) =0 for n > 3. 

(b) Let X be the space in question, Y be the Mébius band and N ~ RP! ~ S! be a neighborhood of the identified 
circle in X, then A= RP?UN~RP?, B=YUN*Y-~*S"', A, B are open in X and X = AUB. 

Consider MV sequence for reduced homology groups: 


A, (N)’——— > (A) @ Ba (B) —— (x) —"5 Fy) —“S 2) ee (8) 3 20): 6 


~ |= ~ i 


H2(S") H2(RP?) @ H2(S') H,(S') H, (RP?) ® H,(S') 
0 0 Z(a) Z2(b) ® Z(c) 


y(a) = b + 2c, ¢— is injective, so y = 0, H2(X) =0. 


Hy (X) © Zy(b) © Zlc)/Z(b + 2c) = (b,c | b? = 1, be = cb, bc? = 1) = (c| c§ = 1) = Zy. 


X is path connected, so Ho(X) = Z. Hi(X) = Z*, H,(X) =0 for n > 2. 
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29. (1) R deformation retracts to VS 1 Let two copies of R be Rj and Ry. Let A,B be neighborhood of Ry and Rz 
s.t. A, B are open in X and deformation retract to R; and R» respectively. X is path-connected, Ho(X) = Z. 


Ae Ry 2 Vf 8"; Be Rye Ves AN Bx M,, X =AUB. We have MV sequence: 


0 ——> H3(A) 6 H3(B) ——> H3(X) —°> H2(An B) ———> H(A) 6 H2(B) ———> H2(X) —>--- 


n nx 
~ ~ ~ 


H3(R1) © H3(R2) Ha(M,) 


n 
~ [= 


Aa(V,S*) © H2(V, 5") 


0 Z 0 
y is isomorphism, H3(X) ~ Z. 
3 Fo) ss BAG 8) i FB) Sy 


i 


A, (M,) 


nxn 


IR 


i,(V,$") ® Hi(V, 8") 


n 
~ 


|e 


Z(a1,b1, poe 1 Qg; bg) 


Zc, see Cay @Z(d, a . dg) 


ima = kery = Z(b,...,b,) = Z9. 


(ai) = c +i, p(bi) = 0. Ho(X) = W(Ae(X)) 


Hy (X) = Ay(A) © Hy(B)/kery = Hy(A) ® Hy(B)/imy © Zlc,..., Cg, di, --. 


dg) /Z(cy +d,. as > Cg + dg) = ZS. 
Ho(X) =Z, Hy(X) = Z9, Ho(X) =Z9, H3(X) =Z, H,(X) =0 forn>4. 
(2) Consider long exact sequence for good pair (R, M,). 


A3(R) ————> H3(R,M,) ——> Ho(M,) ————> Ho(R) ————> Ho(R, M,) 


I . i 


As(V, 51) ~0 Z H2(\V,S') ~0 


ff.(R, M,) + #,(M,) —"—> #f,(R) ————> fii(R,M,) 30 


- fs 


729 i, (V, S*) © Ze 


H3(R, M,) ~ Ho(M,) = Z. ~ is surjective, ker = Z9, Ho(R, M,) ~ imy = ker = Z9. 


A, (R, M,) © Ai(R)/imy =0. Ho(R, M,) = Ho(R/M,) = 0. 


Ho(R, M,) = 0, Hi(R, M,) = 0, H2(R, M,) = Z9, H3(R, M,) = Z, Hp(R, M,) = 0 for n > 4. 
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fi-1 Fitts 


30. (0) Prerequisites: Suppose we have exact A-modules sequence Mj-2 ——> M;-1 ie M; > Mint re Mi42. 


im fi — M;-1/ ker yi = M;-1/im fi-1 = coker fi-1- M;/im fi = M;/ ker fiqi — im fi41 = ker Size. 


0>imf, 9 M; > M;/im f; > 0 is exact, so 0 > coker f;-1 > M; > ker fi+2 > 0 is exact. 


If in addition M;’s are Z-modules / abelian groups and ker fj. is free, then M; & coker f;_1 @ ker fi+o. 

CQ) Hg(S9) =]Z, BaS") =0, Be(S7) SZ. ($2) = 0-tor i SS. 

Hols! & S) = Zak Ss) = 2", BS eS ST HAS XS y= fora 3. 

0 H3(Ty) 3 Ho(X) *) Hy(X) > Ho(T;) 3 Hy(X) “<4+ By(X) 3 Hy (Ts) 3 Ho(X) is exact. 

(a) For reflection f : S$? > S?, deg(id — f,) = 2. Ho(Ty) = Z, Hi (Ty) = Z, Ho(Ty) = Zo, Hn(Ty) = 0 for n > 3. 

(b) f : 8? > S? has degree 2. Ho(Ty) = Z, Hi(Ty) = Z, Hn(Ty) = 0 for n > 3. 

(c) f : S' x S' + S! x S$" is given by matrix (§ ®,). det A = —-1. 

Similar to Exercise 2.2.7, id— f, : H2(S! x S') + H2(S1 x $1) maps 1 to 1 — sign(det A) = 2. 

Ho(T;) =Z, Hi(T;) = Zo @ Z2, Ho(T+) = Zz © Z, Hp(Ty) = 0 for n > 3. 

(d) f : S'x S$! > S'xS" is given by matrix (|! °,). id—f,. : Ho(S*S*) + H(S'xS') maps 1 to 1—sign(det A) = 0. 
Ho(T;) =Z, Hy(T;) = Zo ® Zo @ Z, Ho(T;) =Z, H3(T;) = Z, Hp(T;) =0 for n> 4. 

(e) f : S1x S$! $!x S$! is given by matrix (©, $). id—f, : Ho(S1x $') + H2(S!x S$) maps 1 to 1—sign(det A) = 0. 
Ho(T;) = Z, Hy(T;) = Zy © Z, Hp(T;) = Z, H3(T;) = Z, H,(T;) =0 for n > 4. 

31. Suppose for % EU CX, y EVCY, XVY =X][Y/(20 ~ yo) and U, V deformation retract to zo and yo. 
Let A= XUV, B=YUU,thn AX X,BYY and AUB=XVY,ANB=UVV ~& {a}, H,(AN B) =0. 

MV sequence H,(AN B) > H,(A) ® H,(B) > H,(AU B) > Hy_1(AN B) gives H,(X)® Hy(Y) & Ay(X VY). 
32. Suppose N is a neighborhood of X in SX that deformation retracts to X. 

SX =CX UCX, let A be union of the first cone CX with N and B be union of the second cone CX with N. 
A~CX, B~ CX. H,(A) =0, H,(B)=0. AUB=SX, ANB=N~X. 

MV sequence Hp(A) @ Hn(B) 3 Hp(AU B) > Hn_1(AN B) > Hp_1(A) @ Hn_1(B) gives Hn(SX) & Hn_-1(X). 
33. (1) Let X, = Ar U---UAg, Ye = Ap N--+M An. Define Y,41 = X. 

Prove by induction on k that Hj(X,Y_41) =0 forl<k<nandi>k-—1. 

By assumption, this holds for k = 1. Suppose it holds for k = j — 1, ie. Hj (Xj-1N Y;) =0 fori > j — 2. 

Xj O41 = (Xj-1U Ag) V5 pa = (XG-1 VV 541) U (Ag Yoga) = (X91 V4) U YG. (XG-1 NYG) VG = XGA NY). 
Ay(Xj-1 NY;) > Ay(Xj-1 NY;41) ® Ai(Y;) => A(X; NYj41) > Ay (Xj-1 NY;) is exact. H,(Y;) = 0 by assumption. 


For i > j —1, Hi(Xj-1N Y;) =0, Ai_1(Xj_1 NY;) =0, thus Hi(X;OYj41) & Ai(Xj-1NYja1) &--- 0. 


The procedure above is also valid for 7 = n, so Hy(Xx O¥p41) =Oforl<k<nandizk—-1. 

Especially for k =n, Xn Yn41 = X, we have H,(X) =0 fori>n-—l1. 

(2) Consider boundary of an (n — 1)-simplex, which is homeomorphic to $”~?. It has n faces of dimension n — 2. 
Let n open sets be small neighborhood of these n faces respectively, then their non-empty intersections will be 


neighborhoods of lower dimensional faces which are contractible. 
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35. Suppose H,(X) contains torsion and X embeds into R? s.t. N is a neighborhood of X and N is homeomorphic 
to M, where M is the mapping cylinder of M, — X, M, is closed orientable surface of genus g. 

M deformation retracts to X,so N~ X. Let A= R®-X, B=N. ANB=N-X~M,x (0,1) > M,, AUB=R’. 
From the following reduced MV sequence, we have H,(M,) & H,(R? — X) © Hn(X). 


EF I . 


0 F,(Mg) H,,(R°? — X) © H,(X) 0 
For n = 1, Hi(M,) = Z?9 but H)(X) has a torsion. Contradiction. 
36. (1) Let % € S”, r: S” — {ao} be retraction, then id x r: X x S" + X x {xo} is retraction and we have 
Hy(X x S”) = Hi(X x {xo}) ® Hi(X x S",X x {xo}) = Hi(X) © Hi(X x S”",X x {ao}). 
(2) Let A= X x D?, B= Xx D st. a9 € DEN D" =S"-), Let C=D =X x {ao}, thenC C A, DCB. 
Ao xX, Bex, AVB=]X x 8S"), AUBHX*S™ CO D=CUDS=X x {a5}. 
MV sequence H;(A,C) @ H;(B,D) > H;(AU B,CUD) > Hi-1(AN B,CN D) > Hj-1(A,C) © Hi_-1(B, D) gives 
Hy(X x 8", X x {xo}) & Hy_-1(X x S"-4,X x {xo}) & ++: S Ayn (X x 8°, X x {ao}) = Hi_n(X). 
38. We have the following commutative diagram: 


f fo 


Sh Onan; Ae es Be 3G. Ais oe 
| | of | | 
> En+1 hi An Dn hs > En h3 An-1 > Dy-1 pee 
Gases fick i) (g2,—ha) fzohs 
This yields exact sequence --- > En44 > By >Cn @®Dy > En > By-1 ee 


The exactness of this sequence can be verified via diagram chasing. 

39. Let (X,Y) = (AU B,CUD) be CW pairs. 

(1) For A = B, consider long exact sequences for triples (A,C,CND) and (A, CUD, D). Hi(C,CND) = H;(CUD, D). 
> Any(A,C) > A,(C,CND) > An(A,CND)> Ay(A,C) > An-1(C,CN D) > Ay_-1(A, CN D) > 
> Anys(A,CUD) > A,(CUD,D)> 4H,(A,D) > A,(A,CUD) > Ay-1(C UD, D) > Hy-1(CUD,D) > 
From Exercise 2.2.38, we have the following relative MV sequences for (X,Y) =(AUB,CUD) with A= B. 

+++ > Hy41(A,CU D) > H,(A,CN D) > A, (A,C) @ A, (A, D) > Ay(A,CU D) > Hy-1(C, CN D) > --- 

(2) For C = D, consider long exact sequences for triples (A, AN B,C) and (AUB, B,C). H;(A, ANB) = H;(AUB, B). 


> Anii(A,C) - Anys(A, AN B)> Ap)(ANB,C)> A,(A,C) - Ay(A, ANB) > Mn-1(AN B,C) > 


> Anwi(AU B,C) > Ansi(AUB,B)> 4H,(B,C) > A,(AUB,C)> 4H,(AUB,B)> Hn-i(B,C) 9 
We have the following relative MV sequences for (X,Y) = (AU B,CUD) with C = D. 


++ Ay (AU B,C) > H,(AN B,C) > H,(A,C) 8 7, (B,C) > H,(AU B,C) > H,-1(AN B,C) > --- 
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40. (1) From chain complexes 0 + C;(X) + C;(X) —> C;(X;Zn) — 0, we have long exact sequence 

-++ > Hy(X) > Hy(X) —> Hi(X;Zn) > Hi_1(X) > His (X) > +: 

From prerequisite in Exercise 2.2.30, 0 > H;(X)/nH;(X) > Hi(X;Z,) > n-Torsion(H;_1(X)) — 0 is exact, where 
n-Torsion(G) = ker(G “4 G). 

(2) (=) If H;(X;Z») = 0 for all i and all primes p, then H;(X) * H;(X) is isomorphism. 

For any x € H,(X) and p/q € Q, p, q primes, px € H,(X) and these exists unique y € H,(X) s.t. qy = pa. 

Let p/q- x be y. H,(X ) is abelian group and addition is already defined, thus H;(X) is vector space over Q. 

(<) If H;(X) is vector space over Q for all i, then H;(X) 4 H;(X) is isomorphism for all i and all primes p. 
H;(X)/pH;(X) = 0, p-Torsion(H;_1(X)) = 0, so H;(X; Zp) = 0 for all 7 and all primes p. 

41. For finite CW complex X, suppose c; is the number of 7-cells in X. We have the following cellular chain complex 
0 Hy,(X",X"-1: FP) > Hy_1(X"-1, X"-2: FP) 5 -.. 4 0, where H;(X?, Xi), F) & Fe, 

x(X) = Dye = Dy dim H,(X", XO; F) =D, dim HOW (X; F) =D, dim (XSF). 

Generalization: Suppose X has finite integral homology, i.e. finite number of nonzero homology groups, which are 
all finitely generated. Let n be the top dimension of non-vanishing homology, F' be a field. 

(1) char F = 0. Let 6; be the i-th Betti number of X, i.e. Hi(X;Z) = Z*' 6 T, where T is the torsion subgroup. 


x(X, Z) = 3>(-1)'b;. From universal coefficient theorem, H;(X; F) = (Hi(X;Z) ® F) 6 Tor(Hj_-1(X; Z), F). 


7 


char F = 0, so Tor-term vanishes, H;(X;F) = F®. It follows that y(X,Z) = x(X, F). 


(2) char F £0. Suppose H;(X;Z) = Z"' @ (Z/pZ)% © T?, where T? is the torsion part which is not p-torsion. 


Fro i=0 
The universal coefficient theorem gives: H;(X; F) = Peres, Tet ey 
Fen i=n+1 


x(X; F) = bo — (br Hh + ch) He H(-D "(bn HR 44A_1) +(e. 


Each c? cancels with the one in the next factor, so all is left is y(X;F) = >°; 


u 


(-1)'b; = x(X, 2). 

42. (1) H(X;Z) is of rank n> 1, so X ~ \/,, S?. Consider X = \/,, S' first. 

To show ¢: G > GL,,(Z) is injective, suppose g : X — X is homeomorphism s.t. ¢(g) = id, then g maps each S! to 
itself and fixes the wedge point a9. Let f = g|g: : S' + S$", then f fixes xo and f, = id, so f preserves the orientation. 
G is finite group, so f is of finite order and there exists a smallest positive integer k s.t. f* = id. 

Let y € $1, f(y) 4 y, then points y, f(y), f2(y),--- , f*(y) = y are permuted in $1 clockwise or counterclockwise since 
f preserves the orientation. Arc between f*(y) and f’*!(y) is mapped by f to the next one, and such arcs cover $*, 
so one of these arcs contains xo, but f fixes x9. Contradiction. Thus f = id: S' > S' and g=id: \V/,, S' > VS’. 
(2) For general finite connected graph X ~ \/,, S! (n > 2), there exists a vertex xo of valence > 3. 

xo belongs to different loops based at xo, and g maps loops to themselves and preserves the orientation, so g fixes xo, 
and the followings are the same as the situation for \/,, S'. 

(3) For coefficient group Z,, 6: G— GL,(Z,). Suppose g : X — X is homeomorphism s.t. ¢(g) = id. 


If m > 2, then g preserves the orientation in each loop since -1 = m—1#1. This doesn’t hold for m = 2. 
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On 
43. (a) Suppose C = (--- Chai scarey ge ai, Cn—1 > --+:) is chain complex of free abelian groups. 


im 0@, is submodule of free Z-module C,,_1, so it’s free and exact sequence 0 > ker 0, — C;, — im0, — 0 splits. 


Let K,, = ker On, In =imOn, then C, = Ky, @ Ly and Dy, = (0 9 Ln4i 3 Ky — 0) is subcomplex. 

C=, Pn, i-e. chain complex C splits as a direct sum of subcomplexes D,,. 

(b) Suppose groups C,, are finitely generated, then map L,+1 > Ky is a linear transformation between finite dimen- 
sional vector spaces. Note that Ln41 = imOn41 C Kn = ker On, write Ly41 = Z) and K, = Z* with j < k. 

By change of basis properly, which is equivalent to elementary row and column operations on L,41 = Z/ > K, = Z*, 
map Ly — Z* takes each basis vector in Z/ to a multiple of a basis vector in Z*, which gives splitting of complex 


0 Ln41 > Kn > 0 into summands 0 > 0 > Z> 0 and0 5 ZZ 0. 


(c) This is universal coefficient theorem for homology. Cellular chain complex has the following decomposition. 
Sequence (1) corresponds to Z summand of H,,(X;Z). 

Sequence (2) corresponds to im(Z “4 Z) = Z» summand of H,,(X;Z). 

(3) is irrelevant to H,(X;Z). 

(4) corresponds to ker(Z “4 Z) = 0 summand of H,(X;Z) and im(Z “4 Z) = Zn, summand of H;,_1(X;Z). 

For H,(X", X"~!;Z) and H,(X", X"~!;G) where G is an abelian group, the numbers of summands are equal to the 


number of n-cells in X, so summands in H,,(X;Z) and H,,(X;G) are in 1-1 correspondence to each other. 


dn+1 


» > Ag (XP41, XZ) Ss (XP, XP1Z) Oh Ag (XP, XPT) Ss (KPO? X"-3,Z) 9 


0 ——> Ini =imdny1 ————> Ky = kerd, ———————> 0 


0 > 0 > Z >0 (1) 

0 > Z “ > Z et 42) 
0 > Ly, =imd, -—————> K,, = ker dy_} > 0 
0 > 0 > Z, >0 (3) 
0 > Z “ > Z >0 (4) 
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